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This  i nves t iga t ion  has  been  p r o m p t e d  b y  the  app l i ca t ion  
of leas t -squares  m e t h o d s  to d i f f rac t ion  d a t a  f rom crys ta l -  
line f ibres (e.g. A r n o t t  & Coul ter ,  1963). F o r  single- 
c rys ta l  da ta ,  t he  inc lus ion  in  leas t -squares  ana lyses  of 
c o n t r i b u t i o n s  f rom ref lexions w i t h  be low- th resho ld  in ten-  
si t ies has  been  cons ide red  p rev ious ly  (Hami l t on ,  1955). 
C r u i c k s h a n k  (1961) has  p o i n t e d  ou t  how m a r k e d l y  t he  
a c c u r a c y  of c r y s t a l - s t r u c t u r e  d e t e r m i n a t i o n s  is i m p r o v e d  
by  such inclus ions  in t he  case w h e r e  t he  n u m b e r  of 
a cc iden t a l  absences  is r e l a t i ve ly  large. This  is v e r y  o f ten  
t he  case w i t h  d a t a  f rom crys ta l l ine  f ibres w h i c h  show 
m a n y  acc iden ta l  absences  a n d  w h e r e  t he  n u m b e r  of 
ref lexions r eco rded  is a smal l  f r ac t ion  of the  to ta l  possible.  
This  is p a r t l y  a consequence  of t he  impe r f ec t  pa ra l l e l i sm 
of the  c rys ta l l i t es  w i t h i n  the  f ibre w h i c h  resul ts  in t he  
d i f f r ac ted  i n t e n s i t y  be ing  d i s s ipa ted  over  arcs,  whose  
l eng th  increases  w i t h  d i s t ance  f rom the  cen t re  of t he  
p a t t e r n ,  t h e r e b y  g iv ing  h igher  t h r e sho ld  va lues  for t h e  
obse rva t ions .  

The  r o t a t i o n - d i a g r a m  charac te r i s t i c s  of f ibre d i f f r ac t ion  
p a t t e r n s  p rov ide  a f u r t h e r  compl i ca t i on  for ref lexions,  
w h a t e v e r  the i r  i n t ens i ty ,  w h i c h  have  the  same  ~-value 
a n d  the re fo re  are  no t  resolvable .  This  p rob lem of over lap  
has  its m o s t  e x t r e m e  fo rm in p o w d e r  d i a g r a m s  for  
ref lexions wi th  s imi lar  ~-values.  

Le t  us def ine  F i  to be t he  s t r u c t u r e  a m p l i t u d e  a n d  
I i  the  co r rec ted  i n t e n s i t y  for a ref lexion w i t h  s t r u c t u r e  
fac to r  F~, a n d  the  p r o b a b i l i t y  t h a t  F i  lies b e t w e e n  
F i  a n d  2"i+dFi to  be P(F~)dFi. I n  a leas t -squares  
ana lys is  w h i c h  min imizes  

R '  - -  ~ w i  ( F  9 b s  - -  F c-alc) 3, 
- -  x ~ ?, 

F i  shou ld  be ass igned its e x p e c t e d  or m e a n  va lue /~ l (F i ) ,  
u n d e r  t he  cond i t ions  p r o v i d e d  b y  the  observa t ions ,  
a n d  a we igh t  'wi = 1/#2 where  #2 is t he  va r i ance .  W h e n  
a ref lexion has  an  i n t e n s i t y  be low the  observab le  th resh-  
old, I t ,  t h e n  

0 ~_ F i<Ft -=VI t .  
I t  follows t h a t  

t~(Fi) = .P~P(F~)dF P(Fi)dFi (1) 
0 0 

a n d  

June 1964) 

~2(F~) {f[t Ft . = F~P(Fi)dFi/f ° P(Fi)dFi}-I~(FI) (2) 

I n  t he  case w h e r e  t he  i n t e n s i t y  is be low th resho ld ,  b u t  

compos i te ,  w i t h  _hT c o m p o n e n t s  t h e n  0 _~ ~ F~ < I t  and  
1 

a n d  

-~ I (F , . ) .  (4) 

The  l imi t s  of t h e  N successive def in i t e  in tegra l s  are  
r e spec t ive ly  0 a n d  Ft ,  0 a n d  ~ / ( I t - F [ ) ,  0 a n d  

V ( I t - F ~ - F ~ )  . . . . .  0 a n d  W ( I t - H  FD , 
1 

express ing  the  fac t  t h a t  once some F ' s  are  chosen  t h e  
va lues  t h e  r e m a i n d e r  m a y  t a k e  are  cons t r a ined .  

I f  <F)  is t h e  local ave rage  of all t he  in tensi t ies ,  we  
m a y  assume  t h a t  if Gt=FU<F ) is small ,  w h i c h  will  
usua l ly  be t he  case for  be low th re sho ld  in tens i t ies ,  t he  
F ' s  will  be r a n d o m l y  d i s t r i b u t e d  in t he  range  0 to  Ft .  
The  p r o b a b i l i t y  d e n s i t y  P(F) is t hen  a c o n s t a n t  for 
1~ real ,  a n d  p ropo r t i ona l  to  F ,  a r ad ius  in t he  complex  
plane ,  for 1~ complex .  Tab le  1 shows ~ I (F)  a n d  #2(F) 
ca l cu la t ed  on this  basis for the  n ine  cases w i th  2~ _< 3. 

The  case whe re  a n u m b e r  of ref lexions  over lap  a n d  
give an  above  th resho ld ,  a n d  the re fo re  measu rab l e ,  
i n t e n s i t y  Is--F2s m a y  be t r e a t e d  s imi lar ly .  H e r e  N 
c o m p o n e n t s  sa t i s fy  t he  cond i t i on  

H 

2; F? = Is = F~, 
1 

which  is a more  r e s t r i c t ed  case of t he  p rev ious  s i t u a t i o n  
i m p l y i n g  

o <_ Z'F~ < Is 

w h e n  a n y  t e r m  F r  2 is o m i t t e d  f rom the  s u m m a t i o n .  
There fo re  

Tab le  1. Expected value (#1) and variance (!~2) of below-threshold structure amplitudes 

No. of 
overlapping 
re flexions 

Structure factor type Real Complex 
^ r , r . 

Real Complex ~l(F)/Ft ~2(F)/Ft 2 /zl(F)/Ft /~2(F)/Ft 2 

1 0 0.500 0.083 X X 
0 1 X X 0.667 0.056 
2 0 0.424 0.070 X X 
1 1 0.375 0.059 0.589 0.053 
0 2 X X 0.533 0.049 
3 0 0.375 0.059 X X 
2 1 0.340 0-051 0.533 0.049 
1 2 0.313 0.045 0.491 0.045 
0 3 X X 0.457 0.041 
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Table  2. Means and variances for two overlapping, above-threshold, intensities 

2 'real' reflexions 2 'complex' reflexions 
^ 

Gs /~I(G) 109 ./~(G) ~I(G) 10 ~ ./~2(G) 

0.2 0.16 (0.16) 0.20 (0.20) 0.13 (0.13) 0.19 (0-22) 
0.4 0.32 (0.31) 0-76 (0"80) 0.27 (0.27) 0.89 (0.89) 
0.6 0.48 (0.47) 1"65 (1"79) 0.42 (0-40) 1.70 (2.00) 
0.8 0.65 (0.63) 2.14 (3.19) 0.57 (0.53) 3.10 (3.56) 
1.0 0.82 (0.79) 3.95 (4-98) 0.73 (0.67) 5.00 (5-56) 

etc. , (5) 

t h e  p r ime  i n d i c a t i n g  t h a t  no  t e r m  Pr(Fr)dFr occurs  in 
t he  p r o d u c t .  T h e  n u m b e r  of i n t eg ra t ions  will  be ( N -  1), 
b e t o k e n i n g  one degree  of f r eedom less t h a n  in t he  below- 
th re sho ld  case. The  l imi ts  of t he  p t h  def in i te  in tegra l  
be ing  0 a n d  

(p-l) 
V ( I s -  2 :  ~ 0 "  

1 

As is usual  in X - r a y  i n t ens i t y  s ta t i s t ics  i t  is c o n v e n i e n t  
to  cons ider  G = F / ( F }  r a t h e r  t h a n  F as t he  var iab le .  
E a c h  Pi(G~) m u s t  be chosen  a c c u r a t e l y  to  r ep resen t  t h e  
a m p l i t u d e  d i s t r i bu t i on  a n d  also to be m a t h e m a t i c a l l y  
t r ac tab le .  W h e n  Wilson  s ta t i s t ics  apply ,  the  p robab i l i t y  
densi t ies  for cen t r ic  a n d  acen t r i c  s t r u c t u r e  a m p l i t u d e  
d i s t r ibu t ions  are  respec t ive ly  p ropor t iona l  to e x p ( - ½ G  ~) 
a n d  G exp ( - G 2 ) .  I n  t he  m o s t  c o m m o n  case w h e n  two 
ref lexions over lap  to  give a to ta l  i n t e n s i t y  Is =G~s. (I}, 
i t  can  be shown t h a t  if bo th  ref lexions are  of the  cen t r ic  
class 

t as 
/~1(G1) = G s -  {exp ( - G s  2) exp (p2)dp/(1 - e x p  ( -G] ) )}  

t]0 
and (8) 

#2(G1) = { G ] ( 1 - e x p  ( - G ~ ) ) } -  1 -p~(G~) .  (9) 

I n  t he  t h i r d  possible case w h e r e  one belongs to  each 
class, t~I(Gr)=#I(G,) above,  a n d  I~l(G1)=I~l(G~)above, 
a n d  s imi lar ly  for the  /~2's. 

Table  2 shows the  va lues  for  a m u n b e r  of Gs. T h e y  
are  to be c o m p a r e d  w i th  t he  b r a c k e t e d  va lues  o b t a i n e d  
us ing  the  a p p r o x i m a t e  p robab i l i t y  densi t ies ,  t he  use of 
w h i c h  was  sugges ted  for the  acc iden t a l l y  absen t  spec t ra .  
T h e y  can  be seen to  be reasonable  a p p r o x i m a t i o n s  even  
w h e n  Gs ~-~ 1. 

The  inverses  of the  va r iances  p rov ide  abso lu te  we igh t s  
for the  observa t ions .  Genera l ly  some ana ly t i ca l  func t ion  
is used  to p rov ide  re la t ive  weigh ts  for the  single ref lexion 
d a t a  a n d  there fore  a cor re la t ion  for the  two  schemes  
has  to be es tabl i shed.  The  t r e a t m e n t  assumes  t h a t  
m e a s u r e m e n t s  of all It and  Is are  sub jec t  to  t h e  s ame  
errors,  i t  m a y  some t imes  be des i rable  also to  sub jec t  
these  observa t ions  to a f u r t he r  we igh t i ng  fac tor  to  t ake  
a c c o u n t  of t he  va r i a t i on  of errors  in It a n d  Is. 

~I(G i) = 
~/(2g)Gs 2 exp ( - G23/4) {Io(G2s/4) + Ii(G2s / 4)}/4 erf (Gs/~/2) (6) 

a n d  

p2(GT) = 

(G~ - 1) +{2Gs exp (-G2s/2)/V(2g) erf (GJV2)} -~(G~) (7) 

(In is t he  n t h  order  mod i f i ed  Bessel f unc t i on  of t he  f i rs t  
k ind ) ;  w h e n  bo th  are  f rom the  acen t r i c  class 
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A s c a t t e r i n g  c u r v e  for  t h e  a m m o n i u m  ion.  By M. W. WEB:B, University of Bristol, England 
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During two-dimensional least-squares calculations on 
nickel ammonium sulphate hexahydrate (Grimes, Kay 
& Webb, 1963) it was noticed that the recommended 
atomic shifts for the ammonit~m ion were unexpectedly 
much larger and more random than those for the oxygen 
atoms and there was no appreciable change in the R index 
from 0.13 in successive cycles. The ammonium ions and 
oxygen atoms were equally well defined on the electron 

dens i t y  p ro jec t ion ,  so i t  was  suspec ted  t h a t  t h e  s t r ange  
b e h a v i o u r  of t he  a m m o n i u m  ion was  due  to  t he  use of 
the  s ca t t e r ing  curve  of n i t rogen  as an  a p p r o x i m a t i o n  
to  t h a t  of the  a m m o n i u m  ion. I t  was  there fore  dec ided  
to  ca lcu la te  a s ca t t e r i ng  curve  for the  a m m o n i u m  ion 
f rom the  e l ec t ron-dens i ty  d i s t r i bu t ion  g iven  by  B a n y a r d  
& March  (1961) for an  a s sumed  spher ica l ly  s y m m e t r i c a l  
a m m o n i u m  ion. 


